Resolution is crucially important for optical imaging, which defines the smallest spatial feature of object that can be delivered by light wave. However, due to the wave nature of light, optical imaging is of limited resolution, widely known as Rayleigh limit or Abbe limit. Nevertheless, this limit can be overcome by considering the loopholes in the derivation of the Rayleigh limit, such as light-matter interaction, structured illumination, and near-field interference. In contrast to the conventional single-photon interference, multi-photon amplitudes responsible for optical high-order interference could be designed to possess a reduced effective wavelength, enabling the breakthrough of the Rayleigh limit. In this review, we will present recently developed super-resolution imaging schemes based on optical high-order interference, and discuss future perspectives.
Introduction
Optical imaging is important for fundamental research and practical applications, prompting advances in our society. Resolution is essential in optical imaging, since it determines the smallest spatial feature of an object that can be acquired through optical imaging. Due to the wave nature of light, any imaging scheme, e.g., the widely used lens-assisted imaging scheme, is of limited resolution with a point-to-spot correlation between the object plane and image plane. The size of the image spot thus defines the resolution limit, which is formulated as Rayleigh Criterion (or Abbe diffraction limit) [1] . To break the Rayleigh limit for acquiring smaller spatial features of an object, extensive efforts have been made, leading to several milestone achievements that have already achieved a great success in many applications, such as stimulated emission depletion (STED) [2] , structured illumination microscopy (SIM) [3] , photoactivated localization microscopy (PALM) [4] , and stochastic optical reconstruction microscopy (STORM) [5] . The above-mentioned methods are far-field super-resolution imaging methods, and on the other hand, methods employing near-field interference for achieving super-resolution have also been developed, such as scanning near-field optical microscopy (SNOM) [6] and superlens imaging [7] . Moreover, the surface polariton wave possesses a smaller wavelength in comparison with the excitation light, and therefore can be employed to achieve super-resolution [8] . Besides the well-known single-photon interference, optical interference indeed emerges for the unity of multiple photons, known as multi-photon or high-order interference [9] [10] [11] . By considering n-photon interference with photonic de Broglie wave [12] , the diffraction resolution limit could be increased by a factor of n, reaching the Heisenberg limit (HL). The fundamental insights in optical high-order interference provide new routes for achieving super-resolution imaging.
The super-resolved n-photon interference was initially realized in the optical interferometers and the far-field diffraction setups, firstly with quantum entangled sources [13] [14] [15] [16] [17] [18] [19] , and later with different classical sources such as thermal/pseudothermal light [20] [21] [22] [23] [24] and laser [25, 26] , and recently with dynamical phase control on the wavefront of spatially coherent light [27] [28] [29] [30] . The super-resolved interference has been shown to be important for applications such as super-resolved phase measurement and high-resolution optical lithography. Recently, much effort has been devoted to realizing superresolution in direct imaging schemes, and several practically achievable schemes have been developed in conventional lens-assisted imaging schemes, as well as in newly designed imaging schemes [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . These far-field super-resolution imaging methods could be quite useful in many applications such as biological imaging [33, 37] , laser radar [32] and nano imaging [38] , and therefore attract a lot of interest.
In this paper, we give a review of the progress of the super-resolution imaging through optical high-order interference. The paper is organized as follows: we will first give a brief introduction to the Rayleigh resolution limit with a lens-assisted imaging scheme, then review the recently developed super-resolution imaging schemes based on optical high-order interference, and finally discuss future perspectives.
Rayleigh Resolution Limit
Lens-assisted imaging is the most widely used imaging scheme. A thin lens can be viewed as a thin static phase screen. It introduces a phase pattern on the wavefront that reverses the divergence of light wave originating from an object point, making light wave converge to a point on the observation plane as shown in Figure 1a . In this way, a point-to-point correlation between the object and the observation plane is built up, giving rise to direct imaging for the object. The point-to-point correlation is expressed as [45] 
for coherent imaging, and
for incoherent imaging. Here, O(x) is the object aperture function, PSF(x , x) is the point-spread function of an imaging scheme. However, due to the wave nature of light, the imaging process is not ideal, but of limited resolution determined by the wavelength λ and the numerical aperture N A = n sin(θ/2), i.e., the well-known Rayleigh limit δx R = 0.61λ/N A [45] . Here, n is the refractive index of the environment dielectric material (n = 1 for air), and θ is the maximum cross angle for the diverging wave originating from the object point as shown in Figure 1a . Please note that the numerical aperture is expressed as N A = D/(2L) in the paraxial approximation, where D is the diameter of the lens, and L is the distance from the object to the lens. Within the Rayleigh Criterion, better imaging resolution is achieved by employing light wave of shorter wavelength and scheme of larger numerical aperture.
The emergence of Rayleigh resolution limit can be understood by considering superposition of indistinguishable single-photon paths. The imaging process is in fact a result of constructive interference between alternative single-photon paths from the object point to the image point, since the phase differences caused by propagation with a single photon transmitting through different positions of the lens are compensated for by the static phase pattern of the lens. By scanning the lateral position on the image plane, the phase compensation process is gradually destroyed until complete destructive interference occurs. This leads to an image spot formed on the observation plane for an object point as illustrated in Figure 1b , and any two adjacent image spots with a separation smaller than the size of the image spot are thus indistinguishable. For a quantitative estimation on the resolution limit, we consider the one-dimensional (1D) geometry in the paraxial approximation for simplicity, in which the complete destructive interference occurs when the phase mismatch δφ between the two single-photon paths shown in Figure 1b (solid lines) reaches 2π. With a position shift δx on the image plane, δφ = k 0 Dδx /L with k 0 being the angular wavenumber of light while L being the distance from the lens to the image plane, giving rise to an image spot of size δx = λL /D. Therefore, two adjacent image spots of separation δx is not separable. By considering the magnification factor m = L /L, the imaging resolution limit for the object is therefore derived as δx R = λL/D = 0.5λ/N A in the 1D case. The Rayleigh resolution limit in the 2D case can be explained with the same argument.
Next, we will review several recently developed schemes that surpass the Rayleigh resolution limit based on optical high-order interference effect.
Object
Spot-2 Figure 1 . (a) Schematic of lens-assisted imaging system. The divergence of light wave originating from a point of the object is reversed by the lens, converging to a point on the image plane; (b) The point-to-point correlation between the object and the image plane is not ideal. The image spot is of finite size that is determined by the wavelength of the light wave λ and the numerical aperture of the imaging lens n sin(θ/2) (refractive index n = 1 for air).
Super-Resolution with Scanning Focused Beam
In 2009, Giovannetti et al. proposed that n-photon coincidence can be employed for realizing sub-Rayleigh quantum imaging in lens-assisted imaging schemes [31] , giving rise to the standard quantum limit (SQL) resolution with an enhancement factor √ n. Nevertheless, direct n-photon detection within the conventional lens-assisted imaging scheme does not guarantee the realization of SQL super-resolution imaging. The key is to employ proper illumination, such that the nth-order cumulant function for super-resolution is obtained. The nth-order cumulant function is the filtered/efficient nth-order correlation function with the contributions related to photons from different point sources of the object being eliminated [33] . To achieve this goal, entangled n-photon illumination and scanning focused-beam illumination are introduced, leading to coherent SQL super-resolution imaging
and incoherent SQL super-resolution imaging
respectively. Here, O(x) is the object aperture function, PSF(x , x) is the point-spread function in an imaging scheme. We see that the effective PSF of the nth-order cumulant function is nth power of the original PSF of conventional intensity imaging, leading to an enhancement factor of √ n in the spatial resolution. Please note that with these two kinds of illumination mentioned above, there is no contributions to the nth-order correlation function that is related to n-photon paths originating from different positions of the object, i.e., the cross talk between different positions of the object is prohibited [42] . Therefore, the nth-order correlation function is exactly the nth-order cumulant function. From the result, we see that the SQL super-resolution is a result of constructive interference of n-photon paths when the n photons are from the same position of the object.
(II) (I) With the scanning-focused laser beam illumination, Guerrieri et al. have demonstrated the sub-Rayleigh imaging effect by taking n-photon detection [32] . In the experiment, a 532 nm laser mounted on an xy translation stage was used for providing scanning focused-beam illumination as shown in Figure 2I . The N-photon detection is done with a detector consisting of 32 × 32 single-photon avalanche diode (SPAD) array [46] . By considering the Poisson statistics of photon counting process [47, 48] , the n-photon counting events within single frame of measurements was post-selected, such that the imaging resolution is improved by a factor of N −N max withN max being the maximum average single-photon counts at a single detecting point. The SQL resolution is approached at low average single-photon counts withN max much smaller than unity as shown in Figure 2II . This super-resolution imaging with scanning-focused-beam illumination is useful for high-resolution image transfer through laser radar.
Besides the scanning-focused-beam illumination, the SQL super-resolution imaging can also be realized with wide-field illumination such as that with an entangled n-photon source [31] , as will be shown in the following sections.
Super-Resolution via Bunching Effect
The Rayleigh resolution limit can be surpassed by considering the bunching effect of chaotic light [49, 50] . The initial work in this direction was done by Dertinger et al., termed as super-resolution optical fluctuation imaging (SOFI) [33] . SOFI is a fluorescent imaging scheme for object consisting of many fluorescent point emitters as illustrated in Figure 3A . In this case, the cross talk between different positions of the object is inevitable, and the nth-order cumulant function needs to be extracted out from the measured nth-order correlation function. Interestingly, by considering the emission fluctuation of single fluorescent emitter ( Figure 3C ) [51] , the bunching effect of the fluorescent light provides the possibility to separate the nth-order cumulant function through computation with the measured lower order autocorrelation function ( Figure 3D ). Consequently, super-resolution is achieved in SOFI with the resolution reaching the SQL ( Figure 3E ). In this scenario, the obtained SQL image is an incoherent one as described in Equation (4). The experiment was done in an inverted wide-field microscope, and the sample was excited by a 470 nm LED array. The fluorescence light was recorded by an electron multiplying CCD (EMCCD) camera at a relatively low acquisition rate (10 Hz) that is limited mainly by the blinking behavior of the quantum dots used in the experiment. The results show that the imaging resolution increases with the increase of the order of autocorrelation measurement, demonstrating the √ n-scaling of SQL super-resolution imaging as shown Figure 3F -H. For non-fluorescent imaging, the SQL super-resolution imaging can be achieved by employing thermal/pseudothermal light for illumination. In fact, the working principle is similar to SOFI, since the thermal/pseudothermal source is constituted by many independent fluctuating point sources [52, 53] . In the work reported by Oh et al. [34] , the pseudothermal light is generated by focusing a 783 nm laser beam onto a rotating ground glass disk as shown in Figure 4a . A CCD camera was used to measure the second-order correlation function on the image plane. By calculating the second-order cumulant function, sub-Rayleigh imaging has been demonstrated with the resolution improved by a factor of ∼1.4. Notably, the resolution enhancement is limited by the spatial correlation length of the pseudothermal source [54] , i.e., the size of single speckle of the light field employed for illuminating the object as shown in Figure 4b ,c. The smaller the correlation length, the finer the imaging resolution, as shown in Figure 4e ,f. In addition, other types of artificial fluctuating light source are also applicable for realizing the SQL super-resolution imaging [35] . 
Super-Resolution via Quantum Antibunching Effect
Single-photon emitters have also been employed to realize the SQL super-resolution imaging. In 2012, Schwartz and Oron proposed that the nonclassical emission of fluorescent markers can be employed for realizing super-resolution imaging [36] . For the fluorophores used in bioimaging, photons are emitted one by one, leading to the antibunching effect [55, 56] . By taking advantage of the antibunching effect, measurement of the nth-order antibunching signal gives rise to the enhanced resolution scaling as √ n. Physically, the SQL super-resolution imaging through antibunching is resulted from the lack of the in-position n-photon constructive interference signal, in contrast to the case through classical bunching effect that is resulted from the excess of the in-position n-photon constructive interference signal. Similar to the bunching induced SQL imaging, the antibunching induced SQL imaging generates an incoherent image of the object.
The antibunching induced super-resolution imaging has been realized in a standard wide-field epi-fluorescence microscope [37] , as shown in Figure 5I . The non-Poisson emitter is CdSe/CdS/ZnS colloidal quantum dot excited by a pulse laser at 532 nm, and emits light photon with a wavelength at 617 nm. An EMCCD has been used for measuring the high-order correlation function [57] with a repetition rate at 1 kHz. By introducing two-photon and three-photon coincidence measurement, the fluorescence imaging resolution is increased by a factor of 1.3 and 1.5 as shown in Figure 5II -b and 5II-c, respectively.
(I) (II) [38] . The sample to be imaged is a diamond with clusters of NV centers, which are excited by a focused laser beam at 532 nm and emit fluorescent light within 640-800 nm. n-photon coincident measurement is taken with several single-photon detectors operating in Geiger mode [58] , as shown in Figure 6I . By scanning the sample, SQL super-resolution imaging is obtained with two-photon and three-photon coincidence measurement as shown in Figure 6II . Moreover, with the prior knowledge of the number of the quantum emitters k 0 , better resolution can be reached by further calculating the higher-order cumulant function with the hitherto known Glauber higher-order (kth-order) correlation function g (k) = 0 when k > k 0 . 
Super-Resolution via Quantum Entanglement
Position-entangled n-photon source can be used for realizing the coherent SQL super-resolution imaging, as initially proposed by Giovannetti et al. [31] . Currently, the most well-developed entangled source is entangled two-photon source [59] . By placing the object in proximity to the output plane of an entangled two-photon source, Xu et al. have experimentally demonstrated the SQL super-resolution imaging [39] , as shown in Figure 7I . The entangled source was generated through the type-II parametric down conversion process (SPDC) [59] , which was implemented with a betabarium-borate crystal pumped by a pulse laser with a center wavelength at 400 nm. The two-photon coincidence was measured by two single-photon detectors connected to a coincident circuit. The results show a √ 2 times improved resolution for direct imaging for the objects as shown in Figure 7II . In this case, the realized SQL imaging is coherent, since the two-photon paths originating from different points of the object are coherent with respect to each other.
More interestingly, the entangled two-photon source can be employed to realize Heisenbergresolution imaging. Super-resolution imaging at HL was initially discussed by Giovannetti et al. [31] , which is based on synchronous-position n-photon interference (dependent on the sum coordinates of observation positions), but relies on a conceptual nonlinear n-photon transmitting screen. The Heisenberg-resolution imaging based on synchronous-position multi-photon interference can expressed as
for coherent imaging, and is expressed as
for the incoherent imaging. Here, O(x) is the object aperture function, PSF n (x , x) is the nth-order effective point-spread function with an effective wavelength λ/n, giving rise to an n-time reduced FWHM in comparison to that of the PSF(x , x) for the conventional single-photon imaging. However, the nonlinear n-photon transmitting screen does not exist currently, and is quite difficult to be realized. Therefore, more feasible method needs to be explored.
(I) (II) Besides the synchronous-position multi-photon interference [28, 31] , Hanbury Brown-Twiss type interference (dependent on the coordinate difference of the observation points) has recently been introduced for realizing Heisenberg-resolution imaging [40] . The proposed imaging scheme is shown in Figure 8I , which can be realized with current well-developed technology. In the scheme, the object is placed on the top half of the Fourier plane of an entangled two-photon source [57, 59] , while the bottom half of the Fourier plane is kept transparent. Instead of employing a lens for imaging, the super-resolution imaging process is assisted by a dynamic random scattering layer, although the random scattering is well known for destroying imaging process in conventional single-photon imaging systems. By taking two-photon coincidence measurement with the totally scrambled light through the scattering layer, a direct imaging of the object can be obtained on the image plane, and the imaging resolution can reach the HL as shown in Figure 8III . By analyzing the superposition of two-photon paths [27, 60, 61] , it is found that constructive two-photon interference for imaging is employed naturally with the dynamic scattering layer, as shown in Figure 8II . In contrast to the synchronous-position Heisenberg-resolution imaging expressed in Equations (5) and (6), the Hanbury Brown-Twiss type two-photon interference leads to an imaging term expressed as
where ∆x 21 = x 2 − x 1 with x 1 (x 2 ) being the coordinate on the image plane, and PSF 2 (η · ∆x 21 /2, x) is the two-fold enhanced point-spread function (PSF). The two possible values of η (=±1) is related to exchanging the positions of the two detectors (D1 and D2), which does not change the super-resolution imaging result in scheme. Recently, Unternährer et al. have reported a synchronous-position Heisenberg-resolution imaging in a lens-assisted imaging scheme [41] . The object is first illuminated by a continuous-wave pump laser at 405 nm, such that its information is encoded into the complex amplitude of pump light as shown in Figure 9a . The transmitted pump light is then projected to the Fourier plane via a lens L 1 , where the pump light is down-converted to the entangled two-photon light through SPDC process. As a result, the Fourier image of the object encoded in the complex amplitude of pump light is transferred to the two-photon complex amplitude. Consequently, the image of the object can be obtained by employing two-photon coincidence measurement on the Fourier plane of the SPDC source [17] , and the imaging resolution breaks the Rayleigh limit related to the SPDC photons by a factor of 2. In the experiment, the Fourier plane of the SPDC source is in fact imaged to the detection plane with an additional imaging lens L 3 , and the numerical aperture is limited by the aperture size of the lens L 3 . Nevertheless, the HL imaging resolution has been demonstrated in the scheme as shown in Figure 9b . The result has been explained by considering the optical centroid measurement state [62, 63] . Notably, the super-resolution imaging here is related to the down-converted photons, but not to the directly illuminating light photons transmitted through the object. From this respect, it is different from the Heisenberg-resolution imaging discussed by Giovannetti et al. [31] , which is related to the light directly illuminating the object. 
Super-Resolution via Dynamic Phase Control
In 2017, Hong and Zhang designed a dynamic phase screen to replace the imaging lens, and achieved direct n-photon imaging [42] as shown in Figure 10I . It has been shown that synchronous-position multi-photon interference plays a key role in the scheme, leading to super-resolution imaging for the object with the resolution reaching the HL. Importantly, the designed phase screen can be easily implemented with a commercial spatial light modulator [27] , indicating the developed Heisenberg-resolution imaging is achievable with current well-developed technology. The phase screen is of specially designed dynamic phase structure, i.e., each point on the phase screen is loaded with a different complex amplitude that is a superposition of n correlated dynamic phase modes together with a lens-type static phase mode as detailed in Ref [42] . In the two-photon interference case, it was found that the synchronous-position two-photon interference pattern is mainly caused by the two-photon paths with the pair of photons transmitting through the same point of the phase screen as illustrated in Figure 10II . Therefore, the linear dynamic phase screen is of similar functionality as the conceptual nonlinear n-photon transmitting screen discussed by Giovannetti et al. [31] , leading to the HL two-photon imaging. To realize the proposed n-photon Heisenberg-resolution imaging, the object should be illuminated by an entangled n-photon source or a scanning focused beam as shown in Figure 10III ,IV, corresponding to coherent and incoherent Heisenberg-resolution imaging, respectively.
Recently, Li et al. have experimentally realized the Heisenberg-resolution imaging with scanning focused-beam illumination [43] . In the experiment, the dynamic phase screen was realized by using a reflection-type phase-only spatial light modulator (see Figure 11I ). Both the laser and the pseudothermal light were introduced for illumination, and the synchronous-position two-photon correlation was measured by using a CCD camera. Both the PSF and the spatial resolution of the Heisenberg-resolution imaging system were characterized. The results with laser light are shown in Figure 11II , which demonstrate the HL super-resolved spatial resolution of the imaging system. 
Discussion and Perspectives
The super-resolution imaging based on optical high-order interference could be beneficial in many applications, such as biomedical imaging [33, 37, 64, 65] , laser radar [32] , nano imaging [38] and astronomical imaging [9] . For comparison, a summary of the different super-resolution imaging schemes is listed in Table 1 , showing the key difference between the imaging schemes, as well as the different conditions in different experiments. To improve the performance of the super-resolution imaging schemes, three main factors should be taken into consideration, i.e., the illuminating light field, the imaging element, and the detector. Besides the fundamental limit set by the SQL or HL, the imaging resolution is technically limited by the pixel size of the detector [33] , as well as the spatial correlation length of the illuminating light field [42] . The image acquisition speed is limited by the speed of the detector, the properties of the illumination sources such as the scanning speed in the scanning-focused-beam illumination scheme, and the dynamic speed of the imaging element such as the refreshing rate of the spatial light modulator. Consequently, light sources of tailored properties, high-efficient and fast detectors, and fast spatial light modulators could be very helpful for prompting the application of the multi-photon super-resolution imaging. The optical high-order interference is not only useful for improving the imaging resolution of conventional lens-assisted imaging schemes, but also provides the possibility to design fundamentally new direct imaging schemes such as that realized with dynamic phase-controlled screen or scattering layer [40, 42] . This result indicates the possibility to explore novel type of multi-photon imaging schemes that can break the limitations existed in conventional lens-assisted imaging scheme. These super-resolution multi-photon imaging schemes are important additions to the library of multi-photon imaging [66] [67] [68] [69] [70] [71] [72] . N -Random scattering layer [40] a Y indicates experimental demonstration has been performed, while N means the opposite.
Similar to the conventional lens-assisted imaging schemes, the multi-photon imaging schemes are in fact of limited resolution, despite that it can break the Rayleigh limit and reach the SQL or HL. Therefore, a future direction would be to break these limits to reach higher imaging resolution. One possible way is building hybrid super-resolution imaging schemes, i.e., combining several super-resolution imaging methods together to gain further resolution improvement. This is indeed feasible as revealed by a recent theoretical work in Ref. [44] . In the work, Classen et al. developed a super-resolution imaging scheme by combining the SQL super-resolution imaging with antibunching fluorescent emitters [36] and the structured illumination [3] that is well known for achieving super-resolution in conventional single-photon imaging, as shown in Figure 12a . It has been shown that the imaging resolution in this scheme can surpass the √ n-scaling for SQL, giving rise to a √ n + n-scaling super-resolution imaging as shown in Figure 12b . Since novel super-resolution imaging schemes are being developed in recent years, we believe that many exciting super-resolution imaging schemes based on hybrid super-resolution imaging methods will be reported in the future.
(a) (b) Figure 12. (a) Schematic of the structured illumination quantum correlation microscopy (SIQC) for fluorescence imaging. The super-resolution effect is greatly enhanced by combining the structured illumination and the quantum antibunching correlation; (b) Super-resolution imaging with SIQC at the second-order correlation (column indicated by SIQCM 2 ). The enhanced super-resolution with SIQCM 2 is clearly seen by comparing with the conventional intensity images (column indicated by intensity), the second-order cumulant super-resolution images (column indicated by CM 2 ), and the structured illumination induced super-resolution images (column indicated by SIM). The figure is reproduced with permissions from Ref. [44] of OSA.
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